TWO-SIDED SUB-GAUSSIAN ESTIMATES OF HEAT KERNELS ON
INTERVALS FOR SELF-SIMILAR MEASURES WITH OVERLAPS
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ABsTrRACT. We obtain two-sided sub-Gaussian estimates of heat kernels for strongly local
Dirichlet forms on intervals, equipped with self-similar measures generated by iterated
function systems (IFS’s) that do not satisfy the open set condition (OSC) and have over-
laps. We first give a framework for heat kernel estimates on intervals, and then consider
examples of self-similar measures to illustrate this phenomenon. These examples include
the infinite Bernoulli convolution associated with the golden ratio, and a family of con-
volutions of Cantor-type measures. We make use of Strichartz second-order identities
defined by auxiliary IFS’s to compute measures of cells on different levels. These auxil-
iary IFS’s do satisfy the OSC and are used to define new metrics. The walk dimensions
obtained under these new metrics are strictly greater than 2 and are closely related to the
spectral dimension of fractal Laplacians.
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1. INTRODUCTION

Heat kernel estimates for local Dirichlet forms on fractals are typically sub-Gaussian.
This has been shown by plenty of examples: by Barlow and Perkins for the Sierpiniski gas-
ket [4], by Kumagai [24] for nested fractals, by Fitzsimmons, Hambly and Kumagai [7]
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for affine nested fractals, by Hambly and Kumagai [15] (see also [26]) for post-critically
finite self-similar sets, by Kigami [19] and Kumagai [25] for resistance forms, and by
Barlow and Bass [1, 2] for the Sierpinski carpets, and by Kigami [21, 22, 23] for doubling
spaces, as well as many other authors. Equivalence conditions for two-sided estimates of
heat kernels for local Dirichlet forms on metric measure spaces are given by Grigor’yan,
Lau and the second author [10, 11], and Grigor’yan and Telcs [14], and references therein
(see also [16] for a certain class of resistance forms).

Typical measures on fractals described above are s-dimensional Hausdorff measures for
some number s > 0, and they are equivalent to self-similar measures generated by iterated
function systems (IFS’s) satisfying the open set condition (OSC). This paper studies self-
similar measures generated by IFS’s that do not satisfy the OSC. These measures are
no longer regular but still possess doubling property after introducing suitable metrics.
Although the self-similar sets themselves are intervals and hence Dirichlet forms can be
defined easily, the associated self-similar measures exhibit complicated fractal behavior,
and therefore heat kernel estimates become much more awkward.

Let C'(K) be the space of all functions, continuous on K and first-order smooth in open
(a, b) with a < b. Consider the following form (&, C!(K)):

b
8(u,v):f u' (x)V'(x)dx. (1.1)

Note that for any u € C'(K) and any x,y € K,

Ju(x) — u)P* < E@)lx — yl, (1.2)

where E(u) := E(u, u), since for any x < y and any smooth u,

y 2 y
ju(x) = u(y)P = { f u'(Z)dZ} <(@-x f [ @) dz < (v — )Ew).

Let u be a Radon measure with full supp(u) = K := [a,b] (that is, u(I) > 0O for any
nonempty open interval in K). Clearly, the form (8, CI(K)) is densely defined, non-
negative definite, symmetric, bilinear and Markovian in L*(u) := L*(K,u). In order to
introduce a Dirichlet form for & in L?(u), we need to specify a domain ¥ of & such that
F C L*(u). Let H'(K) be the usual Sobolev space on K against the Lebesgue measure.
Using (1.2) and the Arzela-Ascoli theorem, it is not hard to see that H'(K) is complete

under norm /&) + llull},,- Let

F := HY(K). (1.3)

By (1.2), we have ¥ c C(K) where C(K) is the space of all continuous functions on
K. The form (&, F) given by (1.1) and (1.3) is thus a Dirichlet form in L*(u) (cf. [8]).
Moreover, (&, F) is regular, conservative , strongly local in L*(u) (since 1 € ¥ and
&(1) = 0, the form (&, F) is conservative).

This paper studies two-sided estimates of the heat kernel of the form (&, ) for i being
certain self-similar measures with overlaps. Let {S i}ﬁ o be contractive similitudes on R
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such that
N
K =|]six), (1.4)
i=0
.. . . N
and let u be a self-similar measure with weight {p,}._ :
N
n=Joi(uos). (1.5)
i=0
where each 0 < p; < 1 and Zﬁopi =1, and
1A =0 (1.6)

if A is a singleton'.
Let {T;},, be an auxiliary IFS of contractive similitudes:

|T(x) - T;(»)| = rjlx =y foranyx,y € K, (1.7)
where each 0 < r; < 1, such that {T(K) : j=0,1,...,m} forms a partition of K:

K = U T(K), (1.8)
i=0

and the intervals T;(K) and T';(K) can only intersect at their end-points if i # j. (Note that
the IFS {Tj};?’zo does not have overlaps but the IFS {S i}ﬁi o, may have.)

For a word w = w- - w,, we let [w| = n denote the length of n and call K, an n-cell.
Write K, ~ K; if K, N K; # 0. We say that two words w, T having the same length are
neighbors if K, ~ K;. We use the notation

K, =T, 00T, (K) and r,:=r1, -ty

n

Note that {7, T1,...,T,,}, not {So,S1,...,Sn}, is used to define K,. For each n € N, let
g =1{0,1,...,m} and let

J=01,...m, g =g
k=0

be respectively the sets of words with length n, with finite length. Here J is defined to
be the empty word, and we use the convention that

w0 = 0w = w for any word w.
For two finite words w and 7, we say w < T if there exists a non-empty word 7y such that

T = wy. We write w < 7 (and call w a fatherof 1) if w < Torw = 1.

Let d, be a metric on K, and let
V(x,r) == u(By,(x, 1)), (1.9)

n fact, if K is a self-similar set generated by a family of contractive similitudes in R” and y is an associ-
ated self-similar measure with positive weights supported on K, then u (0B(x, r)) = 0 for any Euclidean ball
B(x,r) in R" provided that K is not a singleton. This fact can be shown by using Lemma 2.6 in the paper
titled “Self-similar and self-affine sets: measure of the intersection of two copies”. Ergodic Theory Dynam.
Systems 30 (2010), 399440 by M. Elekes, T. Keleti, and M. Andrds — We learned this from De-Jun Feng.
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where
By (x,r)={yeK :d.(y,x) <r},

a ball with center x and radius r under the metric d..

Fix some number 8 > 1. We introduce the following conditions that may or may not
be satisfied:

(1) self-similarity of (&, F):

Eu) = Z %S(u oT), (1.10)

i=0 !

where r;, 0 < j < m, are given by (1.7);
(2) comparability of neighboring cells: if T and o are neighbors, then

u(Kr) < u(Ky); (1.11)
(3) generalized mid-point property: for any points x,y,z € K with x <y < z,
d.(x,2) = d.(x,y) + d.(y,2); (1.12)
(4) product of Euclidean length and p-measure of interval [x, y] :
e =yl (6, 1) = du(x, v (1.13)
(5) volume doubling property (VD): there exists a constant C > 0 such that
V(x,2r) < CV(x,r) forall r > 0 and all x €K;; (1.14)

(6) ratio of volumes of two concentric balls B, (x, r) and By (x, nr):

V(ix,r)
Vix,nr)

0 (77‘5) uniformly in x, 7 as  — 0",

that 1s,
V(x,
sup rVeEn o as 7 — OF. (1.15)
xek0<r<1 V(x,1r)
Here and below, the sign f < g means that C~'g < f < Cg for some universal constant
C > 0 independent of the arguments f and g. Note that we can take 8§ = 2 in above
conditions if u is the Lebesgue measure and d, is the Euclidean metric. In this paper we

are interested in the situation where £ is strictly greater than 2 by introducing suitable u
and d, on K.

Note that condition (1.12) implies the mid-point property, which in turn implies the
chain condition, see for example [12, Definition 3.4]. (A distance d on a nonempty set X
is said to have the mid-point property if for any x,y € X, there exists some z € X such
that, d(x,z) = d(z,y) = d(x,y)/2.)

Theorem 1.1. Let u be a Radon measure with full support K = [a,b), and let (E,F) be
defined by (1.1), (1.3). Let {Tj}T:O be an auxiliary IFS defined by (1.7) such that (1.8)
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holds. Assume that conditions (1.10)—(1.15) are all satisfied for some metric d. on K.
Then the heat kernel p,(x,y) of (E,F) exists, and satisfies the upper estimate

C d*(x, y) BIB-1)
Pixy) < e exp(—q (tl—,ﬁ) (UE)
and the lower estimate
C, d*(x, y) B/(B-1)
p(x,y) 2 Vi, 118 P (—02 ( Y (LE)

forallt € (0,1)andall x,y € K.

We will prove Theorem 1.1 in Section 2 .

We consider two specific Radon measures ¢ and introduce a new metric d, accordingly.
The introduction of this kind of new metric d. (see (3.20) and (4.14) below) is partially
motivated by that in [20, Section 5], but it is more involved because of the overlaps of the
IFS. In this paper a lot of efforts go to verify conditions (1.10)—(1.15) for such (u, d.).

The first Radon measure we study is the infinite Bernoulli convolution associated with
the golden ratio. Let

V5 -1
So(x) = px, Si=px+d-p). p=—F— (1.16)
and let u be the self-similar measure with supp(u) = K satisfying:
1 4 1 _
ﬂ:iﬂosouiyosll. (1.17)
The metric d. and the constant o € (0, %) in the following theorem will be given in

Section 3.

Theorem 1.2. Let u be defined by (1.17) and d. by (3.20) below. Let @ € (O, %) be
defined by (3.21) and B := 1/a > 2. Then all the conditions (1.10)—(1.15) are satisfied.
Consequently, the heat kernel p,(x,y) of (&, F) exists and satisfies the two-sided estimates
(UE) and (LE) with such parameter 3.

Theorem 1.2 will be proved in Section 3.

The second measure we study is from a family of convolutions of Cantor-type mea-

sures. Let
1 1 _1
So) = —x, S0 = —x+ 22— (1.18)

m m m
where m > 3 is an odd integer. The attractor of this IFS is a symmetric Cantor-type
set. Let v,, be the self-similar measure defined by the IFS (1.18) with probability weights
po = p1 = 1/2. The m -fold convolution y,, of v;" is the self-similar measure defined by
the following IFS with overlaps (see [28]):

1 ~1
S()=—x+2"2 i=0.1,....m, (1.19)
m
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together with probability weights
1
W = —(",1), i=0,1,...,m. (1.20)
2m\ i
That is,
S 1 (m
=) — st 1.21
i ;2m(i)umo l (1.21)
with supp(u,,) = [0, m].

The metric d. and the constant a € (0, %) in the following theorem will be given in
Section 4.

Theorem 1.3. For any odd integer m > 3, let u,, be the m -fold convolution of the Cantor
measure defined as in (1.21). Let d. be a metric defined by (4.14) below, and let a € ((), %)

be a constant defined by (4.15) and B := 1/a > 2. Then the same conclusion of Theorem
1.2 holds with this value of .

We will prove Theorem 1.3 in Section 4 .

2. Two-SIDED HEAT KERNEL ESTIMATES

Let K = [a, b] and let (&, ) be the regular, strongly local, and conservative Dirichlet
form in L*(u) defined by (1.1) and (1.3). In this section, we will prove Theorem 1.1.
Firstly, we derive the stated off-diagonal upper bound (UE) of the heat kernel by showing
both of the following conditions (DUE) (see (2.27) below) and (E) (see (2.43) and (2.44)
below) are satisfied, and then use the following equivalence

(UE) & (DUE) + (E) (2.1)

that was obtained in [9, Theorem 2.2] or [14, Theorem 4.2] (although the metric space
considered in both [9] and [14] is unbounded, the conclusion is also true for bounded
metric space but with a finite range of time 7 in the heat kernel estimate). Secondly, we
derive the lower bound (LE) of the heat kernel. To do this, first we have the on-diagonal
lower bound from the off-diagonal upper bound, then we can use the Holder continuity of
the heat kernel to derive the near diagonal lower estimate (NLE) (see (2.48) below) and
finally a chain argument yields the off-diagonal lower bound (see [12, Corollary 3.5]).

We use a Nash-type inequality to obtain the existence of the heat kernel, using ideas

from [20, 21]. For a word w, let
g(w) := \rou(K,). (2.2)
For s € (0, 1], let
Ay={w=w; - w,: glw)<s<glw - w,1), eachw; €{0,1,...,m}}.

For any u € F, let

As(u) :={w € Ay : K, N supp(u) # 0}.
The following lemma follows by modifying the proofs in [20, Theorem 5.3] and [21,
Lemma 3.1.6]. We include a proof for completeness.
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Lemma 2.1. Assume that conditions (1.8) and (1.10) hold. Then there exist two positive
universal constant Cy, C, such that for all s € (0,1] and all u € F,

) + 5— ull} > QM@ (2.3)

(Kw)

weA (u)
(If As(u) = O, then rrll\ir(l),u(Kw) = 1 since Ky = K and u(K) = 1.)

Proof. Let u“(-) := u(T,(-))/u(K,). Clearly,

1
“(K)=1 and o T,du® = d 2.4
1 (K) an fkf u ﬂ(Kw)mefu (2.4)

for any f € L'(u). Since for any x € K,

f (u(x)
K

where it := fK udu®, we obtain from (1.2) that

ju(x) - @ =

2
sijm—u@N¢ﬂ@x
K

jwu—aFWﬂ < jﬂ () — u())di® () ()
K KxK

IA

swf|wwwwwmsm@, 2.5)
KxK

where C = b — a, the Euclidean length of the interval K. Set u,, := u o T,,. Then using
(1.10), (2.5) and (2.4), we have, for any s € (0, 1],

Ew) = Z i(‘J(uw)ZC —fluOT —uoT,P du”

weA u) ¢ WEA, (u)

1 1 2
C 2du - f d) ) 2.6
wgﬁnwm@{ﬂf g m&»(&”“} 20

For any w € A(u), we have r u(K,) < s> < Yooy =+ Vay MK, 0, )- Hence by (1.8)

1 f 2 1 f 2 C.
C u du>C — u du = —|ull;5. 2.7)
w;x(u) rou(Ky) Jx, M Z 22 Jx. H= I

welAg(u)

On the other hand, by (2.2),

rw:u(Kw) Z ra)lu(le'"wn—l) = rwngz (Cl)] o wn—l) Z nljln {rj} Sz’

and hence, using (1.8) again,

1 1 2 1
C Z (f ud,u) < C Z _— (f |u|d/1)
weh, (1) rwﬂ(Kw)ﬂ(Kw) K, weAs(u)S weAH(lu)u(Kw) K,
1 1
[ —| A L 2.8
- s min u(K,) lell (2.8)
weNA(u)

The lemma now follows by combining (2.6), (2.7), and (2.8). O
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Proposition 2.2. Assume that condition (1.11) holds. Then there exists a constant 6, €
(0, 1) such that for any word w,

o < u(K,) and 1, <8, (2.9)
where 0, = max; {r,}. Consequently,

w(K.,) > g(w)’ (2.10)

for some constant 0 < 6 < 2.

Proof. Let w = w; - - w,. By (1.11), there exists a constant ¢; € (0, 1) such that
u(Ky) 2 61u(Ky o, ) 2 -+ 2 0 u(K) = 617, (2.11)
Clearly,

lw]
Ty < {max{rj 1<j< m}} = (5'5", (2.12)

J
and hence we get (2.9).

To prove (2.10), notice that by (2.2),

WK,z gw! e uK)T =7, (2.13)
Hence it suffices to show that there exists some 0 < @ < 2 such that
2-9
uK)T 2 (807" 2o > 1, (2.14)

where the first and third inequalities follow from (2.11) and (2.12) respectively. The
second inequality also follows on taking 6 sufficiently close to 2. The proof is complete.
]

Lemma 2.3. Assume that conditions (1.8), (1.10), (1.11) hold. Then the following Nash
inequality holds: there exists some 6 > 0 such that

243 2\ (11#
lully"" < € (8) + wlB) lully ~ for all u € F. (2.15)

Consequently, the heat kernel of (&, F) exists, and is jointly continuous by using (1.2).

Proof. Substituting (2.10) into (2.3), and observing that g(w) =< s for any w € A;, we
obtain that forall u € ¥ andall0 < s < 1,

C C
8) + S ulff 2 = ul.
We can rewrite it as
lull3 < C(sE) + s~ull}). (2.16)
If E(u) < ||lul?, by letting s = 1 in (2.16), we have
llull3 < Cllully, (2.17)

4
which implies (2.15) but without the term CE(u)|[ul|{ .

If E(u) > |jull?, by substituting s = ([|ull3/Ew))"**? in (2.16), we have

4

llull? < Cllull ™ Eu) >, (2.18)
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4
which implies (2.15) again but without the term C||bt||§||u||{’, after raising to the power
(2 + 6)/6. In both cases, we get (2.15), as desired.

The ultra-contractivity of the heat semigroup now follows by (2.15) (see [6, Theorem
2.1D: |1Pilise < Ce't™%? and a unique heat kernel p,(x,y) exists. (We only need the
existence; the exponents are not important here since our case is nonhomogeneous.) O

To obtain the on-diagonal upper bound, we will follow the argument in [3] on graphs
(see also [16, p.184, Theorem 5.1] on metric spaces). Recall that the effective resistance
R(A, B) between two disjoint non-empty closed subsets A and B of K is defined by

RA,B)™ :=inf{Ew) : u € F, uly = 1 and u|z = 0}.

It follows from definition that for any fixed A C K, R(A, B) is a non-increasing function
of B. Denote
R(x, B) := R({x}, B) and R(x,y) := R({x}, {y}).

Since 1 € ¥ ¢ C(K) and &(1) = 0, we have the following equivalent definition:

_ 2
R(x,y) = sup{M uef, Eu) > 0}. (2.19)
E(u)
From this, we see that for any # > 0 and x,y,z € K,
(X, ) = pi(x, 2 < E(pi(x, DR, 2). (2.20)

The following proposition will be used.

Proposition 2.4. Assume that conditions (1.12) and (VD) hold. Then there exists some
universal constant C > 0 such that for all x,y € K with x <y,

C™'V (x,du(x, ) < p([x,y]) < V (x, du(X,Y)) . (2.21)
Consequently, if in addition (1.13) holds then

d.(x,yf

—_—. 2.22
V(x,d.(x,y)) 222

lx =yl =< R(x,y) <

Proof. Let x,y € K with x < y. Then
[x,y] € By, (x,d.(x,y)), (2.23)
since by (1.12), for any point ¢ € [x, y],
di(x,y) = di(x, &) + d.(&,y) 2 d.(§, x).
Thus, the second inequality in (2.21) holds.

To show the first one, let z € [x, y] be the point such that
d.(x,2) =d.(z,y) =d.(x,y)/2.
Then
[x,y] = B, (z,d:(x,)/2),
and thus
u(x,yD) = V(z,du(x,y)/2). (2.24)
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On the other hand,
By, (x,d.(x,y)) € By, (z,3d.(x,y)/2), (2.25)
since if d.(&, x) < d.(x,y) then either & < x, which leads to
d.(&é,2) = d.(&,x) + d.(x,2) < d.(x,y) + di(x,y)/2 = 3d.(x,)/2,
and (2.25) is true, or € € [x,y] C B, (x,d.(x,y)) and (2.25) is also true. It follows that
V(x,d.(x,y)) < V(z,3d.(x,y)/2). (2.26)
Therefore, we have from (2.24), (2.26), and condition (VD) that
u([x, D) = V(z,d.(x,7)/2) 2 C'V (2,3du(x,3)/2) 2 CT'V (x,du(x,y)) ,
proving the first inequality in (2.21).
Finally, note that there exists a constant ¢ > 0 such that
clx—y|<R(x,y) <clx—y| forallx,yeK

(see [18, formula (1.2)]). From this and using (1.13) and (2.21), we see that (2.22) follows.
O

We introduce condition (DUE).

(DUE) (on diagonal upper estimate): There exists a positive constant C such that

pi(x, x) < (2.27)

V(x, t'/B)
forall7 € (0,1)andall x € K.

Lemma 2.5. Assume that all conditions (1.12), (VD) and (1.15) hold. Then condition
(DUE) is true.

Proof. Fix aball B = B, (xg, r). Since p,(xo, -) is continuous, there is a point y, € B such

that p;(xo, yo) = min p,(xo,y). Recall that V(x¢, r) := u(B). Hence
YEB

Pi(x0,Y0)V(xp,7) < fpf(xO,y)d,u(y) <1,
B

and thus

Pi(X0, Y0) < (2.28)

V(xo,r)’
Observe by (1.15) and (VD) that there exists some constant C > 0 such that for all x € K
andallO0<s<r<l,
sP < cr?
Vix,s) ~ V(x,r)
In fact, let s = nr for some n € (0, 1]. By (1.15), there exists some 7, € (0, 1) such that
forall 0 <n <n,,

(2.29)

£ @) - P
Vix,s) V(,nr) = Vixr)
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whilst for all , < < 1, using (VD),

sP _ (nr)ﬁ < » <C ”
V(x,s) V(x,nr) =~ V(x,gr) ~— V(x,r)

thus showing (2.29).

As s := d.(xg,y0) < r, we have from (2.22 ) and (2.29) that
d*(X(), YO)ﬁ Crﬂ
R(xo, yo) =< < (2.30)
0= V0, duCxonyo))  Vxo, )

for some universal constant C > 0. Using the inequality (a + b)* < 2a*> + 2b* and

0
E(pi(xo,-)) = =(Lpi(x0, ), pi(x0,-)) = = (EPI(XO, ) (X0, )

10

= (pl(-x07 ‘)’ pt(-x07 )) =

_EE pQ;(XO, XO),

20t
we have
PA(x0, Xo) < 2p?(x0, Vo) + 2 p:i(X0, X0) — Pi(X0, Yo)I*

< —— + 2R(x0, y0)E(p:(x0, -)) (by (2.28) and (2.20))
V(X(), r)
2 cr’
< +

V(.X(), l/')2 V(xo’ r)
Letting r = t'/# < (diam, (K))/2 := c,, integrating both sides of (2.31) from s/2 to s, and
using the monotonicity of p,(xo, xo) and V(xo, t'/#) on ¢, we have
s Cs

V (o, (s/2)18Y " V(xo, (5/2)7F)

0
(—a—tpzr(xo, Xo)) (by (2.30)). (2.31)

S

2

P(x0, Xp) < Ps(x0, X0).

Solving this inequality gives
C’ < C
V(xo, (s/2)'F) = V(xo, s'/F)’

pS(xo’ xO) S

where s € (0, & ), thus proving (2.27) by using the monotonicity of p,(x, xo) again. |

We now show that condition (E) holds. Using a standard argument, we can derive this
by first estimating R(x, B), and then estimating the Green function on B.

For an open set Q, let ¥ (Q) be the closure of # N Cy(Q) under the F-norm, where
Co(Q) is the space of all continuous functions with supports contained in Q. It is known
that (&, F(Q)) is a regular Dirichlet form in L*(€, 1) for any nonempty open Q C K.

Definition 2.6. For any nonempty open set Q, define the Green function go(x,y) as fol-

lows, .
( ) _ R(X, Qc)lr//Q(x, }’)’ ifx’y € Q’
§alHY) =19 o, otherwise,

where for any fixed x € ), the function Y, is a solution of the variational problem

inf {Ew) : u € F(Q), u(x) = 1};

(2.32)
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that is, Yo(x, ) € F(Q) satisfies that Yo(x,x) =1, 0 < Yo(x,-) < 1 on K, and
R(x, Q)" = EWg(x, ). (2.33)

Such a function ¥ (x, -) exists for any x € € and any nonempty open £ by using (1.2)
(see for example [16, Proposition 4.2]).
For any ball B, let L be the infinitesimal generator of the form (&, ¥ (B)):

B —
Lsf :=lim P’ft / in L2(u)-norm,

t—0
where {P,B }z>o is the heat semigroup of ( &, #(B)). Then the Poisson-type equation
—Lpu=fonB (2.34)

admits the unique weak solution u € F (B) given by

u(x) = f 25(x ) F O (2.35)
B
for any f € L*(B) (see [16] or [13]).

Lemma 2.7. Assume that conditions (1.12), (1.13), (VD), and (1.15) hold. Then there
exists some constant C > 0 such that for any ball B = By (xo, ),

” ”
inf R(x, BY) > C™! >C’ ) 2.36
R B 2 C e 2 S Vo (2:39)

Proof. The proof given here is motivated by [3] on graphs (see also [16, Proposition 5.3]
on metric spaces). For a point x € B\ %B, let ., € ¥(B) be the optimal function satisfying
that ¢ .(xp) = 1,¢,(x) =0,and 0 < ¢, < 1 on K, and

R(xo, x)" = &W)). (2.37)

(Such a function y, exists, see for example [16, Proposition 4.2].) For any y € B, (x,nr)
with n € (0, 1/2), we have from (2.22) and (2.29) that

C'd.(x,y) < Cyry
V(x,do(x,y) ~ V(x,nr)’
As By, (xg, d.(xo, X)) € By (x,2r) and d.(xg, x) > r/2, we see from (2.22) that, using (VD),
V(-XO’ d* (XO, X))

R(x,y) <

(2.38)

R(xo, )c)_1 <

d* (X(), x)ﬁ
,Vi(x,2r) Vix,r)
/2p <C s (2.39)
Combining (2.37), (2.38) and (2.39), we obtain
R ’
007 = W.0) = U < RO =
X0, X)

- Cary Vix,r) _ CrpPV(x,r)
= Vix,nr) ® Vixngr)
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In view of (1.15), we may choose n > 0 to be sufficiently small so that
Ve 1
Vix,nr) ~— 4

It follows that ¢ (y) < 3, showing that
1
U, < ) on By (x,nr).

Since u satisfies (VD), there exists a finite number of balls {By, (x;, 7r)}Y |, with x; € B\ %B,

i=1°
that covers the set B \ %B, where N does not depend on x, or r. Let
f:w/n Alﬁxz /\"‘/\lpr.
Then f(xo) =1and f < onB\1B,and0 < f <1onK. Let
1
=2|{f-=]| .
=2(r3)

+

Then g(xp) = 1, g = 0on B\ %B, and 0 < g < 1 on K . Using the Markov property of
(&, F), we obtain

N N
E(e) S4E(N) <4 ) &W,) =4 ) Rlxo,x)",
i=1 i=1

where the second inequality can be obtained as in [13, Proposition 6.9] and the third one
follows from (2.37) with x replaced by x;. Let ¢ be a cut-off function of the pair (%B, B) .
Then gl € ¥ by using the facts that g¢ € ¥ and that glg. = g — g¢b. Since the functions
g¢ and g1p: have disjoint supports, we obtain, using the locality of (&, ), that

N
E(g¢) = E(9) — E(g1p) < E() <4 > Rixo,x) "
i=1
Using (2.22) again, we see
V(XO, d*(-xo’ xi)) <’ V(x07 r) _ V(XO’ r)

dGoxf S anp ST

R(xp,x) ' < C

which gives that
V(an r)

E(gp) < C'—

Noting that g¢ satisfies the defining condition for R(x,, B)™!, we obtain

R(xo, BY) > E(gp)™' = C

V(xo, 1)’
Therefore, for any x € %B,
(r/2y r’
R(x,B) > R(x,By (x,r/2)) > C >C’ ,
(x, BY) = R(x, By, (x,7/2)) Verr/2) Vo)
thus proving (2.36). O

We estimate the Green function gg(x, y) when x, y are close to the center of B.
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Lemma 2.8. Assume the hypotheses of Lemma 2.7. Then there exist universal constants
C>0andé € (0, ‘—11) such that

gs(x,y) > C! forall x,y € 6B, (2.40)

V(xo’ r)

where B = B, (xg, r) and gg is the Green function on B.

Proof. Let 6 < i be a positive number to be determined later on. For any x € %B, let
Y 5(x, -) be the optimal function for R(x, B°)™!. For any y € By (x, 26r), we obtain

Wp(x, ) = 17 = Wp(x, y) = p(x, 0P < R(x, »)EW 5(x, -))
= R(x,y)R(x, B)™! (by (2.33) with Q = B)
d.(x, vV V(x,r)
V(x,d.(x,y)) 1
20r Vix,r 1
: ,V((x,2>c:r) ' (rﬁ '< 4
for sufficiently small ¢ by using (1.15). Thus

(by (2.22) and (2.36))

(by (2.29))

1
Yp(x,y) > 3 for any y € By (x, 20r). (2.41)

From this and (2.36), we have

,¥) = R(x, BWp(x,y) > C' ,y) > (20)™! : 2.42
gs(x,y) = R(x, B )Wg(x,y) Vo) Yp(x,y) = (2C) Vo) (2.42)
For any x,y € B,,(xo,6r), note that x € 1Bas § < 1, and y € By (x,267) as
d.(y,x) < d.(y, xo) + d.(xp, x) < Or + 6r = 26r.
Therefore, for any x,y € B, (xg, 0r), it follows from (2.42) that
#
) = Q0)"! ,
ga(x,y) = (2C) Voo
proving (2.40). O
We say that condition (E-) holds if the solution u of (2.34) with f = 1 satisfies
supu < CrP, (2.43)
B
and condition (E-) holds if u satisfies
infu>C'/ (2.44)
6B

for some ¢ € (0, 1) independent of u, B. We say that Condition (E) holds if both (E.) and
(E>) are true.

Lemma 2.9. Assume the hypotheses of Lemma 2.7. Then condition (E) holds.
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Proof. The condition (E.) is straightforward by using the upper bound of R(x, B°). We
now show condition (E.). For any B = By (xo,r), let u be the solution of (2.34) with
f = 1p. Then for any x € By, (xy, 0r), we have from (2.40) that

u(x) = f 2u(x, () > f 256 ) fO)du()
B OB

>C! u(6B) > C'r*,

V(X(), r)

thus showing that condition (Es) is true. O

Proof of condition (UE) in Theorem 1.1. Since condition (DUE) is true by Lemma 2.5
and condition (E) is true by Lemma 2.9, condition (UE) follows by using (2.1). |

It remains to derive the lower estimate (LE) in Theorem 1.1. We first use (U E) to obtain
(NLE), the method is standard, see [13, Theorem 6.17]. Since (&, ¥ ) is conservative, we
have from (UE) that

f o P V)Ap(y) = 1 = f pi(x, y)dp(y) = (2.45)
Bd*(x,(é’lt) ‘3)

1
K~By, (x,(é" 0" ) 2

for sufficiently small 6 > 0, see [12, formula (3.8)]. By the semigroup property and (VD),
we have, for any x € K and any ¢ € (0, 1),

P, x) = f pi(x, )’ du(y) > f | PR AR)
K Ba.(x(o7')"”)

2
1

) H (Bd* (X, ((5_1t)1/ﬁ)) |:\[Bd*(x,(($lt)l/ﬁ) pi(x, y)du(y)
1 Cc-!
> 4V(x (6‘1t)1/ﬂ) 2 V(R

which gives the on-diagonal lower bound: there exists C > 0 such that for all x € K and
allz € (0, 1),

c! c!
> .
V(x, (r/z)”ﬁ) " V(x,1'F)

Di(x,%) > (2.46)

On the other hand, letting f := p,,»(x, -), we have (see for example [16, (3.7)] or [13])

Epi(x, ) = EPaf) = fo A AE,f, )

1 e 1
< e—tfo d(Eaf. f) = ZlIflly = —pix, x)

C

< m (using condition (DUE) ) . (2.47)
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Then using (2.22) and (2.47), we have

d.(x,y)
—— & ,-
Ve di oy P

d.(x,yf 1
V(x,d.(x,y)) tV (x,1VB)

Ip(x,y) — p(x, x)P < C

Now we prove condition (NLE). Let € (0, 1) be some constant which will be deter-
mined later. For all y € B, (x, (1)'/?) and any & > 0,

d.(x, y)f 1
pi(x,y) = pix, x) — \/C Vo d. ) 5 G
¢ , ]
c! &
= VP VP (by (1.15))
C—l
= W (n1P) (2.48)

provided we choose 1 sufficiently small. This proves condition (NLE).

Proof of condition (LE) in Theorem 1.1. Condition (NLE) is true from above. Since the
metric d, satisfies the chain condition, we conclude that (LE) in Theorem 1.1 follows
directly from (NLE) (see, for example, [12, Corollary 3.5]). We omit the detail. O

3. INFINITE BERNOULLI CONVOLUTION ASSOCIATED WITH THE GOLDEN RATIO

Let K = [0, 1] and u be given by (1.17) and (1.16). In this section we introduce a new
metric d, on K, and show that conditions (1.10)—(1.15) are all satisfied.

It is shown in [29] that by introducing the auxiliary IFS {7, T, T»}:

Ty =p’x, T =p'x+p’,  Tax)=px+p, 3.1)
(see Figure 1), one can obtain the following second-order identities: For all Borel subsets
A c[0,1],
w(ToT;A) u(ToA)
w(TT;A)| = M; | (T, A) |, i=0,1,2, (3.2)
(I,T:A) (TA)
where
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so/ ‘\Sl ! To/ Tll \Tz

0 o2 P 1 0 p* p

(a) b)

Figure 1. (a) The IFS {S(,S:} has overlaps. (b) The auxiliary IFS

{Ty, Ty, T>} does not have overlaps.

By (3.2) we have
1
u(To(K)) = u(T1(K)) = u(Tr(K)) = 3

(see [29, p.109]). Let
ro=r,=p° and r =p’,
the contraction ratios of the auxiliary IFS {7, T4, T>}.

17

(3.4)

(3.5)

Proposition 3.1. The Dirichlet form (E,F) defined by (1.1 ) and (1.3) in L*(u) satisfies

the following self-similar identity: For any u € ¥,
2
1
8 = —8 T,' N
() ZO] &)
where ry, 1, I, are given by (3.5). Consequently, condition (1.10) holds.

Proof. Indeed, note that

2

1 1
EwoTy) = f ((u 0 Tp) (x)) dx = f (W) - pldx = f "y,
0 0 0

Similarly,
EwuoTy) = p’ f l udy,
and pl
EuoT,) = pzf u'dy.
Therefore, by summing up (3.7), (3.8) and (3.9),pwe have
/%a(u o To) + %8@1 oT)) + /%S(u oT,) = fo 1 udy = Eu),

thus showing (3.6).

(3.6)

(3.7)

(3.8)

(3.9

O

Note that the form (&, ¥) does not depend on any metric. We will introduce a new
metric d, on K below. Before this, we show condition (1.11). We use the following

notation. For each n € N, let

(o)

J"=1{0,1,2}", Ji :=10,2}", g

I
-
3

Je = kq Jh,
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where J° and ) are defined to be the empty word.

For a symbol w € {0, 1, 2}, let e, be the row matrix defined as

[100] ifw=0,
e, =1 [010] ifw=1,
[001] ifw=2.

By using (3.2), we obtain

/’L(Kw) = ,u(Tw(K)) = €y, ,Ll(T] Twz tee Tw,,(K))
(T2Tw2 e Twn(K))

= €y, sz #(Tl Tw3 tee Tw,,(K))

[(TOTwz - Ty, (K))
(T2 T o, -+ - Ty, (K))

[/:(TOTaa e Twn (K))

u(To(K)) 1
=e, M, M, |uT(K)|= §e‘”1M‘“2 M, [1]. (3.10)
(T (K)) 1
Lemma 3.2. For any two neighbouring words w and t, we have
27 u(Ky) < p(Ky) < 2u(Ko). (3.11)

Consequently, condition (1.11) is true.

Proof. Without loss of generality, we assume that K, is on the left of K,. Then either of
the following relationships holds for such w and 7:

w=60602---2 and T=610---0, (3.12)
S~ S~
l 4
or
w=012---2 and T=620---0, (3.13)
S~ ~——
¢ 4

where 6 is some finite word (possibly empty word) and £ > 0 is some integer.
We deal with the first case; the second one is similar.

Note that u(K,) = u(K;) = % when |w| = |r| = 1 by using (3.4), and (3.11) holds
trivially. We assume that |w| = |r| = n > 2 and w;, 1y are the first symbols of w, T
respectively. Assume that || = s > 1 and write § = 6,6, - - - 6,. As w = 602 - - -2, we have,

¢
using (3.10) that

1 1
1
,u(Kw):geglMgz---Mgs-Mo-Mg-[llz[a b c]-MO-Mg-H, (3.14)
1 1

where [a b c] is the row vector with a, b, ¢ > 0. Similarly, we have

1 1
1
u(KT):geelMgzmM@S-Ml'Mg{l]:[a b c]~M1-M§-[1]. (3.15)
1
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By comparing u(K,) and u(K;), it is easy to see that u(K,) < 2u(K;) when ¢ = 0 (for
the second case we have u(K;) < 2u(K,)), and hence (3.11) holds. Meanwhile, using
induction, we obtain, for any integer £ > 1,

2 0 0 2! 0 0
¢ 1 1 -1 ¢
Mozgl 2 0 =5 274 2° 0, (3.16)
0 4 0 20.(6=1) 21 0
and also
0 0 1] 0 01 1 0 21 20.(-1)
M;=10 1 0|-M;-|0 1 Of=—0 20 20'.¢ (3.17)
1 0 O] 1 00 0 O 2¢
Substituting (3.16) and (3.17) into (3.14) and (3.15) respectively, we see that
1 20016+ 1)
H(Ko) = g [a b c] 202 +3) |,
2041 (£ 4+ 2)
and
1 20.(£+2)
pK:) = o [a b c] 20 (€ +2)].
20.(L+2)
Thus we obtain
Ky,  Q2€+2)a+ 20+3)b+ Q20+ 4)c
wkK,) (l+2)a+b+c) ’
which implies that
<MDy
u(K-)
Thus (3.11) holds. m
For any 0 < x <y < 1, we define a set ‘W(x, y) of finite words as follows:
W(x,y)::{w:wl---wnej*: w, =1, K, C[x,y],
and w is a father }, (3.18)

where the notion “w = w; ---w, is a father” means that no proper ancestor wy - - - wy
(k < |w|) of w satisfies both of the following conditions:

(D) wp=1;
(2) Kuyyowr, € [x,5].

Namely, any word wé with € # @) cannot belong to W(x,y) if w € ‘W(x,y), and hence w
is of the shortest length among this class, or is a father.

For example, if [x,y] = [0% p] = K;, then W(x,y) = {1}, consisting of only one
singleton. Note that the word “11” does not belong to W(p?, p) since “1” is its father.
Another example is when [x, y] = [0, 0*1 = Ko, then

W(x,y) = {01,001,021,0001,0021,0201,0221,...} (3.19)
= {0J1: JeJ},
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an infinite set of words with finite length (noting that J; contains the empty word). Note
that none of the words in the following set

{011,0101,0111,0121}

is in W(0, p%), although each word w in this set ends with the symbol “1”, and K, C
[0, 0*]. The reason is that all of them are offspring of the word “01”, which is in W(0, p?).

Note that for any x,y with 0 < x < y < 1, the set W(x,y) # 0. This is because
K =[0,1] and for each n > 1, | eqn Ko, = [0, 1]. Let w = w; ... w, be the shortest word
such that K, C [x,y] (such a word exists since the midpoint (x + y)/2 belongs to at least
one nonempty cell K; C [x,y] and we let w be the shortest of such 7). If w, = 1, then
w € W(x,y); otherwise wl € W(x,y). Therefore ‘W(x,y) is nonempty.

Define a distance d, on K as follows: d.(x,y) =0if x =y, and
d(xy) = ), (ruK)’ (3.20)
weW(x,y)

if 0 < x <y < 1, where ry, ry, r, are given by (3.5) and « is the unique solution of the
following equation

[e9)

Z Z (0*e)) =1 (3.21)

k=0 ek
with ¢; given by
1 1
c,::Z[O 1 O]MJ[}] where M; := M;, - M, (3.22)

for any index J = ji---ji € J¢ := {0,2}* and any integer k > 0. Here we use the
convention that M, := I, the identity matrix, if w is the empty word.

Remark 3.3. Let A, be the Laplacian defined by u (see [5, 17]). Then
dim,(u) = 2a,
where dim(u) is the spectral dimension of the corresponding Dirichlet and Neumann
Laplacians —A,, (see [28]). In fact (see [28, p.654]), we have
dimg(u) 0.998
A T

(the value of « is close to but strictly less than 0.5). This sharply contrasts with the
classical case where @ = 0.5 for the Euclidean metric and the Lebesgue measure.

=0.499 <0.5 (3.23)

Note that for any word w, letting x = T,,(0), y = T, (1), we have by definition ( 3.20),

d.(x,y) = (ropu(K,))" (3.24)
if w ends with the symbol “1” since W(x,y) = {w}, while

(o)

d(x,y) = > > Cunu(Ku)" (3.25)

k=0 Jegk

if w ends with the symbols “0” or “2” since W(x,y) = {w] 1:Je, 5‘}
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Proposition 3.4. For any 0 < x <y < 1 and for any distinct w, T € W(x,y), we have
K,NK;=0. (3.26)

Proof. Assume that there are two distinct words w, 7 € W(x,y) such that K, N K, # (.
Since both w and 7 end with 1, the only possible case is that one cell is contained in the
other (Indeed, if w = w---w,—1l and 7 = 71 ---7,,—11 (n < m), and if w; # 7; for some
k < n, then K, N K. = 0). Without loss of generality, assume that K, C K,. Then 7 is a
father of w, a contradiction by the definition of W(x, y). The proposition follows. O

Proposition 3.5. The quantity d. is a metric on K, and satisfies
d.(x,2) = d.(x,y) + d.(y,2) (3.27)

forany 0 < x <y < z < 1. Consequently, condition (1.12) is satisfied.

Proof. If d.(x,y) = 0 then x = y; otherwise there would exist some nonempty word
w € W(x,y) such that u (K,) = 0, a contradiction by using (1.6).

It suffices to prove (3.27), since this will imply that d, satisfies the triangle inequality,
and thus d, is a metric on K.

To do this, we first claim that for any w = w; - - - w, with w, = 1, we have

(ot K )" = > Gon(Ku)™ = Y- > Gonpi(Kon)” (3.28)

JeT; k=0 ek
The left-hand side of (3.28) is
(rop(Kp))* = ry, - u(Ky,)*,
and in view of (3.5), the right-hand side of (3.28) is:
Foy Z Z (P2k+3)a u(Kon)®.
k=0 je gt

Thus we only need to show that

uK) = )0 ) () K", (3.29)

k=0 jejg

To do this, we use (3.10) to get

1 1
1 1 1

u(Ky) = z€u My, My, My -|1|=2[a b c|-M-|1|==(@+b+c), (3.30)
3 |3 |12

where [a b c] =e, M, ---M,,  is some row vector with nonnegative entries. Simi-
larly, we have

1
1
/l(KwJI) = gewlez v °Mw,,_1 : Ml . MJ : Ml |:1]
1
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1 1]
— 10 a+b+c O|-M, M, |1
Lo avee oo

1
1 1
E(a+b+c)-z[0 1 O]M,H

1
ﬁ(a+b+c)cj. (3.31)
Therefore, by (3.21), (3.30) and (3.31), we obtain ( 3.29), showing (3.28).

Let x,y,z € K with x < y < z. Observe that W(x,y) N ‘W(y, z) = 0. By the definition
of d, and using (3.28), we see that

dxy)+dy)= > (oK), (3.32)
weW(xy)U W(y.z)
and that
d(x2)= ) (K. (3.33)

TeW(x,2)
Observing that each word w € W(x,y) U W(y,z) either belongs to W(x,z) or is an
offspring of some word in “W(x, z). For the latter case, write

w = TJ11J21"-Jk1

for some k > 1 and Jy, J5,...,Jy € g , and for some 7 € W(x,z). Using (3.28) k times,
we have

(rep(Ko))”

(04
2: (rﬂguglmleﬂ(Kﬂilfél"'fll))

Y

(rop(Ku))"
weW(x,y)UW(y,z) and w has prefix 7

and hence by (3.32), (3.33),
d.(x,y) +d.(y,2) < d.(x,2). (3.34)

On the other hand, for any & > 0, using (3.28) k times again, we have by (3.33),
dx= >, >, CunnrstKoninn) (3.35)
weW(x,2) J1,... k€T

We can pick an integer k sufficiently large such that each term

(Formt-sal(Kopr1m1-51)" < €.

Observe that there is at most one cell K,j,1/,1..5,1 on the right-hand side of (3.35) con-
taining y since the words in ‘W(x, y) U W(y, z) represent disjoint cells by Proposition 3.4,
whilst each of the remaining words is an offspring of some element in ‘W(x, y) U W (y, 2).
Applying these facts to the right-hand side of (3.35), we obtain

d*(x’ Z) S Z Z (rwjl1121"'Jk1ﬂ(Ka)111]21-~~]k1))a
weW(xy) Ji, k€S
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+ Z Z (Fonmt-sapl(Kon1m1-21))" + €

weWQr,z) J1senns Jkej(’;

<d.x,y)+d.(y,2) +e. (3.36)
Since ¢ is arbitrary, we have
d.(x,2) <d.(x,y) +d.(y,2). (3.37)
Combining (3.34), (3.37), we obtain (3.27). The proof is complete. O
For any word w, define
d.(K,) = sul[g d.(x,y) =d.(T,0),T,(1)), (3.38)
xyeK,

the diameter of the cell K, under the metric d..

Lemma 3.6. There exists a constant C > 0 (depending only on p) such that for any two
neighbouring words w and 7,

C'd.(K,) < d.(K,) < Cd.(K,). (3.39)
(In fact, one can take C = {1 +2 (8p‘3)a} (IOp‘l)a.)

Proof. We first claim that for any finite word w, the following holds:

10

2 a
(’f—o) d.(Ko1)

2\@ 8\“
(p_) d.(K,) < d*(KwO)S(E) d.(K,1),

IA

d(K,p) < (%) d(Kon), (3.40)
0

that is,
d*(KwO) = d*(le) = d*(KwZ)
We first show the ‘<’ part of the first line in (3.40). Indeed, by (3.24)
d*(Ka)l) = /'L(le)arf;]a
and using (3.10), we see that

1 1
1 1 1
(K1) = gewlez Mo, M, [1] = Eewlez My, [1] = E(a +b+o),
1 1

where [a b c] =e, M,, --M,, and a, b, ¢ are nonnegative numbers. Thus we have

a+b+c\” a+b+c\”

Again, combining the definition of d,, (3.10), and (3.25), we get

d(Ku) = D" > 1Koo) 71, (3.42)

k=0 Je
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and
| o I
H(Koo) = 3€0, Moy -+ Mo, MoM; M |1 = a b c| MoM, |1
1 1
1 ! a+b+c 1
:—[2a+b 2b + 4c o]M, 1 s—[l 2 o]M, 1
6 { 438 1
1
2 1 2
_2atbto) [() 1 O]MOMJ 1 (a+—b+c)c(”_
3 4 ) 3

Thus, the right-hand side of (3.42) satisfies

i Z UK o) 1o < Z Z (Z(a o+ c)) gk

k=0 jegk k=0 jegt
2a+b+0o)\" o pkS)a
el s — * rw COJ
2@+b+c)\" o - (2(k+1)+3)(x r_
(== ;Z; (let J' = 0J)
2a+b+o)\"
< (a#c) o (definition of @)

Using this and comparing with (3.41), we obtain

8 a
d (KwO) < ( ) d (le)
o3
thus proving the ‘<’ part of the first line in (3.40).

On the other hand, using Lemma 3.2 and (1.6), for any word 6,
u(Ky) = p(Kgo) + u(Kor) + u(Keo)
< 2u(Kp) + p(Kor) + 2u(Kgy) = Su(Kpy). (3.43)
Applying this inequality with 6 = w0 and using Lemma 3.2 again,
(K1) < 2u(Koo) < 10u(Kuo1),

which implies, in view of (3.24) again, that

2 a
d(Koo1) = p(Koo) 100 2 107 u(K) 01y = (10) d.(Ko1).

Thus, we have
2

10

proving the ‘>’ part of the first line in (3.40). By symmetry, the second line in (3.40) also
holds. This proves our claim.

d(Kw0)>d(Kw01)>(p ) d. (K1), (3.44)
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Therefore, for any finite word w, by (3.27) and (3.40), we have

d*(le) < dx(Kw) = d*(KwO) + d*(le) + d*(KwZ)
< {1 +2 (8p-3)”} d.(K,)) = Ad.(K,)), (3.45)

A

a

where A =1+2 (8pf3)
Finally, for any neighboring words w and 7, using (3.5) and ( 3.12) (or (3.13)), we have
pre < ry < plrs, (3.46)

which implies, by using Lemma 3.2 and (3.43) with 6 = 7, that

roip(K,) < ri (7' re) Qu(Ko)
207 rap(Ke) < 1007 reypu(Koy).

IA

Fott(Ky1)

Thus, using (3.45), we have

di(Ky) < Ad(Ku1) = Alroip(Ku)]”
< A(10p™) [rauK)]" = A(100™")" du(Ko)
< {1+2(807) ) (1007")" du(Ko). (3.47)
thus proving the lemma. O

We need the following proposition.

Proposition 3.7. Let w be the shortest word such that K, C [x,y] for 0 < x <y < 1. Set

|w| = n. Then there are at most four n-cells between the points x and y.

Proof. Assume that w # 0; otherwise nothing needs to be proved. Let w’ be the father of
w; that is, w is one of {w’'0, w1, w'2}. Without loss of generality assume that w” # (). Note
that x, y cannot be separated apart by any (n — 1)-cell; otherwise, w is not the shortest.
Namely, both x and y must lie in the union of two neighboring (n — 1)-cells.

Case (1). w = 0. The point x must lie to the left of K/, since K, = K¢ C [x,y]. Let
7’ be the left neighboring (n — 1)-word of w’. Then

x€ Ky and ye€ K,

(see Figure 2.)
K, K,
N ~
L X | o
Y — e
A,rfo Afﬂ Kr'2 KafO = [(o) chl ch2

FiGure 2. Points x,y and cells K/, K/, where w = w’0.
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Clearly, there are at most four n-cells between the points x and y:
XEKT/ONKT/I ~ T’ZNKw’OZKwNKw’l ~ Ky23Y,

thus proving our conclusion.

Case (2). w = «'2. Under this assumption, the worst case is the following:
X € Kw’O and y € K-ruz,

where 7” is the right neighboring (n — 1)-word of «’ (see Figure 3).

K, K.

T
\ ~
X o

[(af() [(w’l K [( }(r'() f(r'l

1'2

FiGure 3. Points x,y and cells K/, K;», where w = w'2.

Clearly, there are also at most four n-cells between the points x and y:
x€Kyo~ Ky ~Kyr =K, ~ Kr"O ~ K-r”l ~ Koy 3 Y,

and our conclusion is true as well.

Case (3). w = w’l. Since x and y cannot both lie outside of K/, we assume, without
loss of generality, that y € K,,. The other point x lies either in K, or in the left or the
right neighboring cell of K, and we assume that x € K-, the left neighboring cell of K,
(see Figure 4).

K. K,

r N o .

L X | o

¥ ¥ H/—)F\/—)F\/—}H{—/
K K [{7’2 [(0)’0 [(o)’l = Ka) [(0)’2

7’0 'l

Figure 4. Cells K/, K, where w = o'l and y € K, x € K., with K,
being the left neighboring cell.

Clearly our conclusion is also true. The proof is complete. O

Lemma 3.8. Let w be the shortest word such that K, C [x,y] for 0 < x <y < 1. Then

u(K,) < p(lx,yD < 30u(K,), (3.48)
ro < =y <(1+p")pr0 (3.49)
C ' [u(K)r,]* < du(x,y) < Cu(K,)r,]". (3.50)

Consequently, condition (1.13) holds with = 1/a.
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Proof. If w = 0, nothing needs to be proved. Assume that w # 0.

We first consider the case w = w’0 for some word «’. Without loss of generality assume
that " # 0. Then y € K, and x € K, for the left neighboring word 7’ of w’ (see Figure 2
above), and

Kyo=K, Clx,y] €K, UK. (3.51)
It follows that

w(Ky) < p(lxy]) < u(Key) + p(Kr) < 3u(Key) (using (3.11))
< 15u(K,m) (using (3.43))
< 30u(Kwo) = 30u(K,,) (using ( 3.11)),

thus proving (3.48).
Observe that by (3.51) and (3.1),

Fo SIX—=Y| <1y +r1p. (3.52)

Since 1, = 7.0 = p°T.y, using (3.46) we have

Foy + 10 S Py +p ' Fy = (1 +p71) Ty = (1 +p71)p72rw.

Combining this with (3.52) proves (3.49).

Using (3.39) and (3.27), we have from (3.51) that
C'd.(Ku1) d.(Ky0) = di(K,,) < di(x,y)
d.(Ku) + d(Ky) < (1 + CO)d(K,y)
(1+ C)Ad.(K,) (using (3.45) with w replaced by w’ ). (3.53)

IANIAN A

By (3.11) and (3.5),
:u(Kw’l)rw’l
(K DF w1
It follows by using (3.24) that
(270)" [ (Ko) ru]” < (K )rui]" = du(Kir) < 2p)° [ (Ku) 1]
From this and using (3.53), we have
C(270) [ (Ku) ro]” < dulKy) < (1 + OA QP [1(Ku) 1],
thus proving (3.50).

2,“(Kw’0)rw’l = 2/0/1 (Kw) Vs
27 u(Kyo)rin = 27" pp (Ko) T

vV IA

The cases w = w2 and w = w’1 can be treated similarly.

Finally, the formula (1.13) with 8 = 1/a follows directly by combining (3.48), (3.49),
and (3.50). The proof is complete. O

Lemma 3.9. Condition (1.14) is true.

Proof. It suffices to show that there exists a constant C > 1 (depending only on p) such
that for any 0 < x < y < z < 1 with d.(x,y) = d.(y,7), we have

C'u([y,z]) < u([x,y]) < Cu([y,z)). (3.54)
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Choose two shortest words w and 7 such that

K, < [x, )’]aﬂdKrCD’Z]

We claim that there exists a universal integer k > 0 (depending only on p) such that
il = 7| < k. (3.55)

Indeed, without loss of generality, assume that |w| > |r| > 1, and let w’ < w such that
lw’| = 1], w = w6 for some word 6 (possibly 8 = ). Then by applying Proposition 3.7,
we see that the number of words with the same length |7] and lying between y and z is at
most 4. See Figure 5 for the worst case when «w’ = w. More precisely, the cell K, can be
connected to cell K, by at most four |7|-cells.

K, K.
A N A N A -
Eomse o bdme .| ey
[(3)’0 Kw’l A/or)’Q [(C')' - Kw A/ A/ K = A

Ficure 5. Positions of three points x, y,z when ' = w.

Thus, by repeatedly using Lemma 3.2, we have
27u(Ky) < i(Koy) < 2°u(Ko), (3.56)
and repeatedly using (3.46) yields
For S P71, (3.57)
By (3.50), we see that
MK g, =< du(x,y) = du(y,2) < u(K) 1y

Combining this with (3.56) and the inclusion K, € K, we see that there exists some
Co > 0 such that

:u(KT)rT < CO:U(Kw)rw < CO:U(Kw')rw < COZS#(KT)rwa (358)

and after dividing by u(K;),
re < Co2’r,.
Combining this with (3.57), we have
ro < CoQp™')ry < CoQp™ 'Y ryp™ ™,
where we have used the following fact from (3.5):
Fo = Futy < FupP® = 1 XD — 200D

This shows that |w| — |7| is bounded by a universal integer k, proving our claim.

Note that by (3.43) and Lemma 3.2,
u(Kg) < (Ky) < Su(Kyy) < 10u(Ky;) (3.59)
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for any word 8 and any i € {0, 1, 2}. From this and using (3.55), we have

uKy) < p(Ke) < 10u(Koe,) < 10°u(Korgo,) < - -
< 105u(K o, 0) = 10°u(K,,),

which together with (3.56) gives that
u(Ky) = u(K).

Finally, from this and using (3.48), we see that

p(x, yD) =< u(Ky) =< p(Ky) < p([y,zD
thus proving (3.54). The lemma follows. O

Lemma 3.10. Condition (1.15) with 8 = 1/« is satisfied.

Proof. For any x € [0, 1], any small 0 < r < d.(K)/2 and any integer £ > 1, choose z and
ye in [0, 1] such that
d.(x,z) = r ={d.(x,y;). (3.60)

Then, letting n = 1/£, we have

V(x,r) < u([x,z]) and V(x,nr) < u([x,yc]).
From this and using (1.13), we have

Vir)  op(xz) d(xzf 1

e 2 w AIx—zIrﬂ_lx—zl’
Ve op(xyd) _ dxey) 1

(mry (nr)p lx = yelr)p |x =y

Thus, in order to prove (1.15), it suffices to show that

m =yl (3.61)

(> |x—7]
where the limit is independent of the choice of x, r and yy, z.
We may assume that x < y, < z; the other cases y, < x < z,z<y, < xandz < x <y,
are similar. Choose a shortest word w := w, such that
Kw - [X, yé’]

Then by (3.49) we have

|x — ye| < 7. (3.62)
Consider a chain of k + 1 neighbouring words starting from w and with length |w|. There
exists a constant Cy > 1 such that the total distance of these cells is not more than

d.(K,)(1+Co+---+Cb). (3.63)
Choose k to be the largest integer such that
1+Co+---+Ch<e, (3.64)

and thus
k <logt. (3.65)
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From (3.60), (3.63) and (3.64), we see that the chain of k£ + 1 neighbouring cells are
contained in [x, z], see Figure 6. Set k = 3V*! for an integer N > 0. We can find a word 7

cells 0 1 2 3 4 k-1 k
Lol = = = - - - - - - - B . & s a—
X K, Y z

FiGure 6. A chain of k + 1 cells with length |w| are contained in [x, z].

such that
|w|— N =|r] > 0and K, C [x,z], (3.66)

that is, the points x and z can be separated apart by at least one (Jw| — N)-cell. In fact, if
[x, z] does not contain any (Jw| — N)-cell, then the number of (Jw| — N)-cells outside [x, z]
is at least 3/“I"N —2: this is because the total number of (|w| — N)-cells on K is 3“I=V whilst
the number of (Jw| — N)-cells covering [x, z] is at most 2. As each (Jw| — N)-cell contains
3N cells of length |w], the total number of cells with length |w| outside [x, z] is thus at least

(3|w|—N _ 2) . 3N — 3|w| -2. 3N'

However, inside [x, z] there are k + 1 = 3¥*! + 1 cells with length |w| from above. Thus,
after summing up, the total number of |w|-cells on K is at least

(3"”' -2 SN) + (3N+1 + 1) =3l 3V 11 > 3kl
a contradiction, since the number of |w|-cells on K is 31!,
Let " < w such that
'] = Ix.
Then w’ and 7 are neighbouring words or w’ = 7. We obtain
r. (since K; C [x,z] by (3.66))

pro  (by(3.46))
p-pNr, (3.67)
C'pMx—yl (by (3.62)

for some constant C depending only on p, where (3.67) follows by setting w = '8,

|x — 2]

vV IV IV IV

2\ 2\V
rw:rw"rﬁsrw’(p) :rw’(p)

by virtue of (3.5) and (3.66). Therefore, using (3.65), we have

|ix_yi| < Cp2N — Cp210g3k < C(log€)210g3p -0
X—2Z

as { — oo, completing the proof. O

Proof of Theorem 1.2. From above, conditions (1.10)—(1.15) are all satisfied with § =
1/a. By Theorem 1.1 we see that Theorem 1.2 is true. O
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4. m-FOLD CONVOLUTION OF CANTOR-TYPE MEASURES

Let {S;}", and u be defined as in (1.19) and (1.21) respectively, with m > 3 being an
odd integer, and let K := [0, m]. In this section we introduce a new metric d. on K, and
again show that conditions (1.10)—(1.15) are all satisfied. Therefore, the conclusion in
Theorem 1.3 is true.

Let {T;}7,' be the auxiliary IFS defined by

1
Ti(x)=—x+1i, i=0,1,....m-1, 4.1)
m

see Figure 7 for m = 3.

0 | | 3 0 | |
S% S% \52 \:sg To/ Tll \I2
0 { 3 0 1 2 3
@ (b)

Figure 7. (a) The IFS {S;}2 has overlaps. (b) The auxiliary IFS {T}}]
does not have overlaps.

Proposition 4.1. Let {S;}" ), u, and {T,~}l.’i61 be defined as in (1.19), (1.21), and (4.1)
respectively. Then for any u € F,

m—1

Eu) = Z mEuoT,). 4.2)

i=0

Consequently, condition (1.10) is true with each r; = %

Proof. For0 <i <m— 1, we have

m m i+1
EuoT) = f ((wo T () dx = — f (o Cefm + D) dx = ~ f (' () dy.
0 m= Jo mJ;

Hence,

m—1 1 m—1 i+1 1
Y EwoTy=—% f W'Y dy = —&w),
i=0 mi= Ji m

thus proving (4.2). O

Let
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and for each n € N, let
=101 m =1y, Jy=tom-1y, g =g, I5 =I5,
k=0 k=0

where J° and 7, g are defined to be the empty word as before. It is shown in [27] that u
satisfies a family of second-order identities with respect to the IFS {T;},'. More precisely,
for i, j,k € J, define

o {Wg, if A6(0 < € < m) such that i + mj — (m— 1) = k

0, otherwise,

where {w,};_, is given by (1.20), and let M;, 0 < i < m — 1, be the matrix

M;:=[a?, | (4.3)

p=Lag-1]pg=1"

For example, for m = 3,

wo 0 0 0 wy O wi 0wy
M(): 0 w1 0 s Mlz %) 0 wil, Mzz 0 %) 0].

w3 0 wp 0 wy O 0 0 ws
In general,
[(wg O --- O 0 ] [0 wy O -+ 0]
0O w O : 0 w, :
MO - 0 W» ’ Ml = 0 0 )
0 .0 Wi 0 0 wna
W, 0 0 wyl O w, O 0
0 0 %) 0 7W1 0 0 %)
1%} O 0 w1 O 1%} O O
Mm—2 =(0 0 ) Mm—l =
0 Wi—1 0 0 Wm-1 0
0 0O w, O] |0 O 0 wy
4.4)
Then for all A C [0, m],
w(ToT:A) u(ToA)
: =M, : , 1€Y9. 4.5)
(Tm—lTiA) (Tm—lA)

For w = w; - --w; € J¢, we use the notation
K, = Tu)1 ©---0 TU)[’(K)
as before. Fori € , let e; denote the unit vector in R™ whose (i + 1)-st coordinate is 1.
Applying (4.5) repeatedly yields
H(ToA)
wWTyA) =e, M, ---M,, : for all A C [0, m]. (4.6)
(Tm—]A)
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Proposition 4.2. Condition (1.11 ) is true.

Proof. Assume, without loss of generality, that K, is on the left of K,. Then exactly one
of the following relationships holds fori = 0, 1,...,m — 2: (6 could be empty)

w=60m-1)---(m—-1) and T=6G+1)0---0.

k k
Assume that @ = 6, --- 6, for £ > 1 and i = 0; other cases are similar. Then
u(ToK)
u(K,) = eg My, - Mo, MoM}, | 0 | =tlag -+ ana|MoM) ', (47)
(Tm—lK)
where [ao am_l] = ey My, -+ My, and u = [u(TOK) ,u(Tm_]K)].
Similarly,
pKe) =t [ag -+ ant | MM, (4.8)
A direct calculation shows
W0 o 0 we X wWIWETL wh 0 e 0 wA]
0 wht 0 - 0 0 wy 0 0
My, =0 o0 wh : =10 0 wh ,
0 0 0 0
| 0 0 0 wk K 0wk
Wlé 0 0 [ w’(; 0 0
0 wh 0 0 0 wt 0
Mg = 0 0 wh <10 0 wh
0 ) 0 o - 0
W DWWl 0 o0 wh o wE 0 0 wt ]
Thus we obtain
wi 0 0 w
1 ) ' 1 W’]E
wy 0 . 0 w;
MM, i =<0 0wk - i|H=| o], (4.9)
. . 0 W’n‘1 o
Wk
Wi 0 0 w 1
and similarly, we have
0 w O W’f
0 W’é . W’é
MM =< o o . .. 0o le=| ot 4.10)
k
whoo 0 0 wh, W'"E !
0w 0 0 "1
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Substituting (4.9) and (4.10) into (4.7) and (4.8) separately, we obtain

k
!
Wy

pKy) < lag - awa|-| [ =pKo).

The assertion follows. |

Recall that for —(m — 1) < k < m — 1, the k-diagonal of an m X m matrix A = (ay;)
consists of the entries j = ¢ + k. The main diagonal is the 0-diagonal. We say that A
is of Type O (or Type m — 1) if all its k-diagonals are zero, except possibly for k = 0 or
k = £(m — 1), and if 1s of Type i (1 < i < m —2) if all its k-diagonals are zero, except
possibly for k = i or k = —i’, where

F=m-1-1i. (4.11)

An entry a,; of A belongs to the k-diagonal (-(m — 1) <k <m—1)ifand only j— ¢ = k.
Note that for eachi € {0, 1,...,m— 1}, the matrix M; defined in (4.3) is of Type i. Denote
the transpose of a matrix A by A’.

Proposition 4.3. Let A be an m X m matrix of Type i for 0 <i <m — 1. Then

(a) A’, the transpose of A, is of Type i’;
(b) the (m —i)-th row of A is of the form [*,0,...,0,x];
(c) the (i + 1)-st column of A is of the form [*,0,...,0, x]".

Proof. These are obvious if i =0ori=m— 1. So we assume that 1 <i <m — 2.

(a) The possibly nonzero entries of A are

(i) the i-diagonal: (1,i+ 1), (2,i+2), ..., (m —i,m), and
(i1) the —i’-diagonal: (m —i,1), (m—-i+1,2), ..., (m,i + 1).

Hence, the possibly nonzero entries of A’ are:

@) A,m=1), 2m—-i+1), ..., (+1,m),and
) @+1,1), (+2,2), ..., (mm=—1i),

which are respectively the i’ and —i = —(i’)" diagonals of A’. Hence A’ is of Type i’.

(b) By (i) and (ii), the entries of the two diagonals belong to the same row if and only if
the row number is m — i and the entries are (m — i, m) and (m — i, 1), proving (b).

Finally, (c) follows from (b) by taking transpose and using (a). O

We now study products of such matrices.

Proposition 4.4. Let A, B be two m X m matrices of Types i and j, respectively. Then AB
isof Typei+ j mod (m—1).
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Proof. Case 1. i = 0 or j = 0. It is obvious that if both A and B are of Type 0O, then
so is AB. Now assume thati = O and 1 < j < m — 2. Using (i) and (ii) in the proof of
Proposition 4.3, we have:

(1) the nonzero entries corresponding to multiplication of A and the j-diagonal of B
are ({, j+¢), 1 <€ < m— j, which belong to the j-diagonal, and (m, j + 1), which
belongs to the (—j’) -diagonal;

(2) the nonzero entries corresponding to multiplying A with the (—j")-diagonal of B
are (m—j+{,+1),0 < ¢ < j, which belong to the (—j")-diagonal, and (1, j + 1),
which belongs to the j-diagonal.

Hence AB is of Type j.

Next, we assume 1 <i <m—2and j = 0. Then AB = (B'A")". By Proposition 4.3(a),
B' is of Types 0 and A’ is of Type . By what we have just proved above, B'A" if of Type
i’. By Proposition 4.3(a) again, we see that AB is of Type i.

Case 2. 1 <i,j < m—2. The i-diagonal of A is: (1,i + 1),(2,i + 2),...,(m — i,m); the
(=i")-diagonal of A is: (m—i,1),(m—i+1,2),...,(m,i+1); the j-diagonal of Bis: (1, j+
1), (2, j+2),...,(m—j,m); the (—j')-diagonal of Bis: (m—j, 1),(m—j+1,2),...,(m, j+1).
We divide the proof into four subcases.

Subcase I. i-diagonal of A times j-diagonal of B. An entry corresponding to such a prod-
uct can be nonzero only if it is of the form:

&, j+k), wherei+l=k, 1<f<m-i and 1<k<m-]

Ifi+j<m-1,itisof the form ({,i + j+ ), 1 < £ < m —i— j, which lies in the
(i + j)-diagonal. If i + j < m, theni+{ = k < m— j would imply that i + j+ ¢ < m, which
is impossible.

Subcase I1. i-diagonal of A times (—j') -diagonal of B. An entry in the product is nonzero
only if it is of the form:

C,k+1), wherei+l=m—-j+k, 1<<m-i, 0<k<]

Consider the case i + j < m— 1. Equivalently, m— € +k <m—1,or k—¢ > 1. The entry is
of the form (m—-1—-(G+ j)+k+1,k+1),0 < k < j, which lies on the —(i + j)’-diagonal.
Next, we consider the case i + j > m. The entry is of the form (£,i + j — (m — 1) + {),
which lies on the (i + j — (m — 1))-diagonal.

Subcase I11. (—i’)-diagonal of A times j-diagonal of B. An entry is nonzero only if it is of
the form:

m—-i+€—-1,j+k), wherel=k, 1<¢<i+1, 1<k<m-]
If i+j < m—1, then the entry is of the form (m—1—-(i+j)+ j+k, j+k), 1 <k < min{i+1,m—

Jj}, which is on the —(i+j)’-diagonal. If i+ j > m, then, as j+k—(m—i+{—1) = i+ j—(m—1),
the entry is on the (i + j — (m — 1))-diagonal.
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Subcase IV. (—=i')-diagonal of A times (—j')-diagonal of B. An entry is nonzero only if it
is of the form:

m—-i+€-1,k+1), wherel=m—-j+k, 1<{(<i+1, 0<k<]

First, assume i+ j<m—1.Since (k+1)-(m—-i+{—-1)=i+j—-2(m—1) <0, the
entry (m — i+ ¢,k + 1) does not belong to the upper triangle of AB. On the other hand,

m—i—C—-1-(k+1)=2m-1)-(G+j)=>m-1.
Hence (m —i+ ¢ — 1,k + 1) can be a nonzero entry only if i + j = m — 1 and the nonzero

entry is (m, 0), which belongs to the —(i + j)’-diagonal.

Next, assume i + j > m. Then the entry is
m-i+m—-j+k-1Lk+1)=(m—-1-(G(+j-m+1)+k+1,k+1),
which belongs to the —(i + j — m + 1)’-diagonal of AB.

To summarize, we see that if i + j < m — 1, then the nonzero entries of AB are along the
(i + j)-diagonal or the —(i + j)’-diagonal. If i + j > m, then the nonzero entries of AB are
along the (i+ j—m+ 1) -diagonal or the —(i + j —m + 1)’-diagonal. In the former case, AB
is of Type i + J; in the latter case, it is of Type i + j — m + 1. This completes the proof. O

Proposition 4.5. Let i, € J and let A be an m X m matrix of Type £.

(@) Ifi+ £ =0 mod (m— 1), then e;A is of the form [,0,...,0, *].
d) Ifi+ ¢ =k mod (m— 1), where 1 < k < m — 2, then e;A is of the form ae; for
some a > (.

Proof. (a) Since A is of Type ¢, by Proposition 4.3, the (m — £)-th row of A is of the form
[*,0,...,0,*]. It follows fromi+¢ =0 mod (m—1)thati =m—1—-Cfori=2(m—-1)-¢.
In the former case, e; = e,,_,_; and the assertion follows. In the latter case i = € = m — 1
and thus e; = e,,_; and A is of Type 0. Again the assertion follows.

(b)Leti+ =k mod (m—1)and 1 < k < m —2. Since the unique nonzero entry of A
in row (i + 1) falls in the column (k + 1),

eA=10,...,0,%0...,0] = ae;

for some a > 0. O

Fori € {0,m—1}, let 1\7,- be the matrix formed from M; by keeping its first and last rows
and assigning O to all other entries. For i € 7, let ]\Z denote the matrix formed from M;
by keeping its (m — i)—th row and assigning O to all other entries. For J = (ji,..., ji) »
where k > 0 and j, € {0, m — 1}, define (see [27])

Wo _ Wo ~ wo
Ciy = Wi, 0,wiIM; | 0 | = [wirr, O, wi M, | 0 | =eM;M;| 0 |, i€ T, (4.12)
Wi Win Wm

where 0 denotes the zero vector in R” 2,
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Define a distance d.. on K as follows. For any x,y € [0, m] with x <y, let

Wy ={w=w v, €I w,€J,K,Cxy], ) wi=0 mod (m-1)

i=1
and w is a father },

where the notion “w = w; - - - w, 1s a father” means that none of the proper ancestors (or
prefixes) w; - - - wy (k < n) satisfies all of the following conditions:

e w€Ji;
o Kywy S [x,5];
e >' wi=0 mod (m-1).

For example, let m = 3. If [x, y] = [0, 1] = K, then
W(x,y) =1{011,0011,0211,0101,0121,...}.
If [x,y] = |4, 3] = Kui, then W(x,y) = {11},

Similar to Proposition 3.4, we have
Proposition 4.6. For any 0 < x <y < m and any distinct v, € W(x,y), we have
K,NK,=0. (4.13)

Define a symbol set S by

S:{w1-~-wn:w1 ejl,wnejl,Zw,-EO mod (m — 1),

i=1

k
and Zw,- #0 mod m—1)foreachk=1,...,n— 1}.
i=1
Now define d.(x,y) := 0if x =y, and if x < y, define
dxy)= D > (urokKuo) (4.14)

weW(x,y) JeT; ,o€S

where « is the unique solution of the equation
1 m—1 m=2

@ 1 @
% w; + Z WZCLJ =1, (4.15)

i=1 JeT; i=

where ¢; ; is given by (4.12). We remark that 2« is the spectral dimension of the Laplacian
—A, defined by u [28]. For example if m = 3, then & ~0.4985 < 0.5 (this value is close to
but strictly less than 0.5).

Proposition 4.7. Condition (1.12) is true with d. defined above.

Proof. Following the same spirit in the proof of Proposition 3.5, we need only to show
that for any w = w; - - w, withw, € J1, 2., w; =0 mod (m - 1),

D CusetKui)) = >0 > CwserotKusers)" (4.16)

JeJ;.oeS Jeg;.0e8 J'eg;.0'€S
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Indeed, assume that (4.16) is true. Let x,y,z € K with x < y < z. Since W(x,y) N
W(y,z) = 0, by the definition of d., we see that

dxy+dy.= ) D Curet(Kuse)" (4.17)

weW(x,y)U W(y,z) JeT; ,0€S

and that
dx)= Y D CueKue)" (4.18)

weW(x,2) Jejg LO€ES

Observing that each word in W (x, y)UW(y, z) either belongs to W(x, z) or is an offspring
of some word in “‘W(x, z), and repeatedly using (4.16) to the words in “W(x, z), we obtain

d.(x,y) +d.(y,2) < d.(x,2). (4.19)

For any € > 0, similar to (3.36), we have
d.(x,72) <d.(x,y) +d.(y,2) + &.

Since ¢ is arbitrary, we see

d.(x,z2) <d.(x,y) +d.(y,2). (4.20)
We conclude from (4.19) and (4.20) that

di(x,2) = d.(x,y) + d.(y, 2),
thus proving that condition (1.12) is holds with this d..

We now turn to show that (4.16) is true. Indeed, by (4.6) with A = K,

H(ToK)
wWKupjo) =€y My, ---M, M, -M;M, - : . (4.21)
(T-1K)
On the other hand, we show that
v Muy, - My, Mo, =€y My, M, , €, [ww/nﬂ 0 Ww;], (4.22)

where w/, = m—1-w,. In fact, applying Proposition 4.5(b) withi = w;, { = wy+- - -+ w,-1,
k=i+l=w+- - +wp1=m-1-w, =w, mod (m-1),

e,M,,---M, A =ae, (4.23)
for some a > 0. Recall that
0 Wo 0
M(Un — W(u;,+l PPN O .« e WUJ;I s
0 ce w0
and hence, using (4.23) twice,
e.M,,---M, M, = aey,M, = a[ww;ﬁl 0 ww;l]

= . t 7 ’
= aey, ewjl [an+1 0 Ww,,]

— t
= eyMy, M, - €. [Wwiﬁl 0 Ww,'l] )
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thus showing (4.22).
We show that for any J € Jj and any oy € 1 = {1,2,...,m -2},

[Ww;+1 0 Ww:,]MJMm = Caf, €0y (4.24)

In fact, the matrix M, is of Type-0 by Proposition 4.4, since so is each M, (1 <k < {) if
J=Jy---J,€J;. Hence

Wit 0w | My =[wep 0 wy]|: - i|=]a 0 b (4.25)

wWo
for some numbers a, b > 0. As M, is of Type-oy, its (07| + 1)-th column looks like [ * ],

and thus, "
[a 0 b] M, = [O <o awg + bw,, - 0] = (awp + bwy,) e,
Wo Wo
= [a 0 b][ 0 }em = [Ww,g+1 0 ww;] M,[ 0 ]em.
Wi Wm

Combining this with (4.25) and (4.12), we obtain
[ww;ﬂ 0 Ww;,] M;M, = [a 0 b] M,

wo

= [Ww;,+1 0 Wa),/l]MJ 0 €r = Cw,J€o)»
Wi

thus showing (4.24).

Forany o = oy --- 0, with o € 7, it follows by using (4.22) and (4.24) that
wlMu)z e Mwn,len : M.]MO'
= e, My, M e, - [Ww;ﬁl 0 Ww;,] MMy, - My, -+ My,

€

Wn-1"wy,
= e, M, - Mwnf.ei,;, Cup sy - My, -+ - My,
From this and the fact that
u(ToK)
e, My, - Mg, : = u(K,) (using (4.6))
(T-1K)
we obtain
u(ToK)
e, M, M, M, -M;M, : =e, M, Mwn_]eZJZ “Cop g (Ky) . (4.26)
(Tn-1K)

Thus by (4.21), for any J € J; and any o € J* with initial letter oy € 3, and for any
w=w - w, Withw, € I, X, w; =0 mod (m — 1),

/J(ijfr) = ea)lez M, et . Ca)ﬁ,,llu (KO') . (4‘27)

Wp—1 U.);,
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From this, we only need to prove (4.16) without w and summation of J; that is,
DK =D D Coren(Kere))" (4.28)
oeS oeS Jeg;.0'eS

We first claim that for any integer kK > 3 and any 6 € I,

m—1
DK = Wi Y pKe) (4.29)
j=1

o€S,|o|=k g8, |o=k-1

Indeed, take any o = 0107 - - - 01 € S with |o| = k — 1. Let S, be a collection of m — 1
words with length k which are formed by replacing o in o by one of the elements

1(0’1 - 1),2(0’1 —2),...,(0’1 - 1)1,0’10,
ocm-1),(cr+DH(m=2),...,(m—=2)(o; +1),

whilst keeping the remaining symbols o, - - - 0741 unchanged. It is not hard to see that

S, ={oc:0e8, o=k} (4.30)

o€S,|ol=k-1

We first look at the element 1(oy — 1)o7 - - - 04—1 in S,-. By (4.6), we have

u(ToK)
MUK (o)~ 1yoyo10) = €My 1My, - - My, My
(T-1K)
u(ToK)
=wieq My, - My, My : = win(Kyg).
(T-1K)

We similarly treat the other elements 7 € S,.. Raising to the power @ and then summing
up, we obtain that

m—1
D H(Ke)" = D W iu(Kig)”
j=1

T€S,

After summing up over {0 : o € S, 0| = k — 1} and using (4.30), we obtain (4.29), thus
proving our claim.

From the claim, we have

k-2
1 1 m—1 1

€S, |o|=k j €S, |o|=2

From this we have

(o0

e = 3 Ky

geS k=2 o€eS,|o|=k

0o m—1
1

= Z m|}r|a“(K”")a'Z(% w}l)g

oeS,|ol=2 =0 j=1
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m-1 -1
= Z mlifla’u( Koo)" - [1_%ZW?] ’

o€eS,|o]=2 j=1

where we have used the fact that (1/m®) ZT:_II w{ < 1. By taking 6 = 0 and using the fact
that r, = 1/m!”!, we see that the left-hand side of (4.28) is

-1
1 r.ri—Z Kii’ o 1 m—1

Z - 'U(Kv)azzl—l'u#. 1__wajl] ) (4.32)
oeS 7 m= me j=1

On the other hand, using (4.31) with 6 = J'0’ and summing up, we can write the
right-hand side of (4.28) as

S S Corenkere)

o€eS J’ejg,o-’eS

m—1 _
_ (l_i W;?)l 3 CorenKara) (4.33)

ma
j=1 eS8 |ol=2 J'eJ .0’ €S

Observing that the set of all the o with |o7| = 2 is {1(m — 2),2(m — 3),...,(m —2)1}, and
foreach o = i(m — 1 —i) = ii’ with i € 7, we have by (4.27) that

:u(K(T.I load ) - ,U(K” '] o’ ) =€ e(l cCary - (K ) =Ciy ,u(K ) (434)
Substituting (4.34) and (4.32) into (4.33), we have

DD CorotiKape)”

geS J'ejg,a-’es

_ LS\ 2 uKan) 435
- ( _%lef) o ome Z‘ Zj m<vl+2>a i (435)
J= =1 J'e 0

Comparing (4.32) and (4.35), we see that (4.28) is equivalent to

-1

1:(1_i W) ZZ m(|J|+2)a Cirr

J i=l J'eJ;

3

I
—_

which is true by using the definition of a. |

For j € 91, let

S ={w w0 €T, €T1, ) ;= j(modm-1),
i=1

and ) w; # j(modm - 1) foreachk =1,...,n—1}.
i=1

Lemma 4.8. There exists a constant C > 0 such that for any finite word w,
C'd.(K,) < r*u(K,)"* < Cd.(K,), (4.36)

where d.(K,,) is the diameter of K,, under the metric d..
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Proof. We first claim that for any finite word w, and any b € J = {0, 1,...,m — 1},
d.(Kup) < rou(K,)". (4.37)

Casel. w=w; - -wyand ), wy=m—1—- j(modm— 1) for some j € J;.
k=1
If b # j, then W(K,y) is the set of all elements of the form wbJr with J € J; and

7 € 8’7", Thus by the definition of d,, we have
dKa)= D D et Kapsere)". (4.38)
Jegg.reSit J'eg,0€S
Since wbJt = 0 (mod m — 1), we obtain that, using (4.27),
H(Kparero) = €op - Mu, - My, My - My~ My, - My, - €, - co pu(Ky). (4.39)

On the other hand, by Proposition 4.5(b), we see thate,,, -M,,, --- M, M,-M;- M., ---M,_,

can be written as ae,,. Then by using (4.6),

) .

u(ToK)
H(Kppye) = €0 - My, - My, My - My - My, -+ - My, - My, :
(T-1K)
= ae,, -ce;,g =<e, My, M, M, -M;- M, ---MTHe’T,S,
u(ToK)
where c is the (7, + 1)-th entry of M. : , thus
(T-1K)
MK opiryo) < MK upie) - Co g - u(Ky) (4.40)

where 7 =71 -- - T4.
Using (4.32) and (4.40), we have

o a _ « a a
Z rthTJ'(r/l(waJTJ’O') - rwaT/'t(waJT) Z I’J,O_CT’J,,U(KO-)
J'EJS,O'ES J' o

-1
m—1
me 27| 2 e T

J’ej(’)‘

m-2
Z (K )

_ a =1
- wb]f/'t(waJT) : mZO/ :

From the identity (4.15) and the fact that ¢; =< ¢;» for any i, j € [, we have
Z Foprer ol Kobrere)™ =< Ty oK ubie)® (4.41)
Iegg.oeS
For J € J, denote by |[J(0)| the number of ‘0” in J and |J(m — 1)| the number of ‘m—1" in
J. Using Proposition 4.5(b), we see thate,, - M,,, --- M, - M, is of the form ae;_;. Thus
H(K warr)
H(ToK)
=e,, My, M, - My - Myb— j,b- j)IJ(O)I “M,,_1(b—j,b- j)\J(m—l)I M, :
(Ty1K)
=K o) - Mo(b = jib = PO My (b= jib — P,
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where M(b — j,b — j) denotes the (b — j + 1,b — j + 1)-th entry of a matrix M. Using the
fact that
wy' < Mo(b = j.b = DO Mya(b = job = PV < wi

(m+1)/2°
we have
k ak
r (Wo\" k(W2
bt Ko+ 32 (B0) € Nt (Kuse)” < bt (Koe)” - 25 (Z02 )
k>0 m Jej0 k>0 m

which, by observing that 2 (W(’”*”/ 2) < 1, implies that

Z FopsH(Kopsr)® =< 1o pl(Kope) (4.42)
Jejg

Using Proposition 4.5(b), we see that e,, - M,,, - - - M,,, can be written as ae;. Therefore,
we have by (4.6),

u(ToK) w(ToK)
u(Kypr) = aey - My, - M, : =a-c-ej- M, :
(T-1K) (T1K)
u(THK) u(THK)
= aey : “ep-j My : = u(Ky) - (K- jyo),
(T-1K) (Ty-1K)

where c is the only nonzero entry in the j'-th row of M,,.

Finally, we consider the summation
Z FpeH(Kopr)® < (K" - rgy - Z reH(Kp- o).
TeSih 7€Si-b

By using the formula (4.32), we see that

Z /J(Ktt )(Z [ m—1 J_

S Ky <Y K = T 1Y

T€8ib [s]>2 j=1

Thus, >, r¢u(Ky-j.)* has an upper bound, and also a lower bound and these bounds

7€8S/~b
are independent of w or b. We conclude that
Dt Kope)” = (K ) 7, (4.43)
€8S/

Combining (4.38), (4.41), (4.42 ), and (4.43), we obtain (4.37) as desired.

If b = j, we have

d*(ij): Z ij](nu(Ku)jJO')a/-
Jegs.oeS

Using (4.41), we obtain
d (ij) - M(ij) a)] = l’l(Ka))

where the second asymptotic relation follows from Proposmon 4.2. Hence we have shown
that (4.37) is true in Case 1.



44 Q. GU, J. HU, AND S.-M. NGAI
n

Case?2. w=w; - -wyand ), wy =0 (mod m —1).
k=1

If b € g, then we can use a similar strategy as in Case 1 to show that (4.37) is true, we
omit the details. If b € J, we can assume, without loss of generality, that b = 0. Then

dKa)= D, D eretKunsere)". (4.44)

Jejg,creS J’ejg,(r/eS

Similar to (4.41) in Case 1, we can drop the summation of J’, o”’; that is

d.(K.0) < Z Z oo (Kuwose)”

JeJy oS
Using (4.6), we have
u(ToK)
/l(KwOJO') = €y, sz tee Mw,, : MOMJMO' :

(Tm—lK)

u(ToK) u(ToK)

<Cey My My | i |- [wi 0 wo|MouM,-|
(Tm—lK) (Tm—lK)

< Cﬂ(Kw) : Cl,O],u(KO')-
Substituting this into (4.44), and using (4.32), we obtain
di(Kw) <C Z FaosH(Ko)" - ¢ g, Z reu(Ks) < C7 Z Foaos(Kw)" - ¢ o,

JET; geS JET;
1
SC@MQVEZ%W&,smmmw% (4.45)
|70
On the other hand, since w01 with b = 0 belongs to Case 1, we have
d.(Kup) = do(Ko10) 2 C™rio u(Kuon)” = Crp(K,,)°, (4.46)
where we obtain the last inequality by using Proposition 4.2 . We conclude from (4.45)

and (4.46) that (4.37) is true in Case 2. Therefore our claim holds.

It follows from Proposition 4.7 and (4.37) that

m—1

d.(K,) = ) d(K,) =< rou(K,)",
j=0

which completes the proof. O

Lemma 4.9. Condition (1.13) holds with 8 = 1/a, where « is given by (4.15).

Proof. Choose one of the shortest words, say «’, such that K, C [x,y]. Without loss of
generality, we assume that «’ is non-empty. Let o’ = wj, where 0 < j < m — 1 and w
may be empty. Then there exists a neighbor 7 of w such that

K,; €%yl CK,UK,. (4.47)
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Using Proposition 4.2 and (4.47), we have

C (K o)) < u([x,y]) < p(Ky) + p(K:) < (€ + Du(K,) < Cu(Ke)). (4.48)
Thus,
plx, y1) = (Ko (4.49)
Also, by (4.47),m - r,; < |x —y| <m - (r, + ry), which yields
|x — y| < 7. (4.50)
From (4.47) and Proposition 4.7, we also get
d.(K,j) < di(x,y) < d(K,) + di(K7), (4.51)

Hence, using (4.36) and Proposition 4.2,
Cu(Ky)rl; < du(x,y) < C (u(K)rd + u(K.)re)
< C'u(Ky)'ry, < Cu(K,) ). (4.52)
Finally, combining (4.52), (4.50) and (4.49), we have
d (e, ) = (K )1 = (K )lx = I = p([x, yDlx = l,
which yields (1.13) with 8 = 1/a and completes the proof. O

Lemma 4.10. Condition (1.14) is satisfied.

Proof. Using condition (1.12), it suffices to show that there exists a constant ¢ > 1 such
that for all x,y,zwith0 < x <y <z<mandd.(x,y) = d.(y,z), we have

¢y, 2D) < p ey < cu(ly, 2]). (4.53)
Choose two shortest words w and 7 such that

K,C[xyl and  K:Cly.zl,
and that the point y is closest to K, and K.

Claim. There exists a constant L > 0 such that
lwl = 17| < L. (4.54)

To prove the claim we assume, without loss of generality, that |w|—|7r] > 0, and let 0’ < w
such that |w’| = |7]. Then

ro = I (4.55)
The number of words lying between K, and K, with length |w’| is less than some constant
c¢; > 0. Thus by Proposition 4.2,

;' (K < p(Koy) < cop(Ky). (4.56)
From (4.52), we have
d.(x,y) < u(K,)"r
and that
d.(y,2) = u(K)rs.

Using this and the equality d.(x, y) = d.(y, z), we see that there exists some constant c; > 0
such that

l‘t(KT)rT < 63/1(Kw)rw < C3:u(Kw’)rw- (457)
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Combining (4.56), (4.55), and (4.57), we have

1

lw|=lo’|
C3ﬂ(Kw’)rw
S ——F 1 260ty =30l y | — ,
m

re <
u(Kz)

which implies that 1 < c3c;/m*@=“D, proving the claim.

Vo =

Now by (4.54) and (4.56),

:u(Kw) = /J(Kw’) = ,U(K‘r)
It now follows from (4.49) that u([x, y]) < u([y, z). |

We say that two words 7 and o~ with equal length are consecutive if K. N K, # 0.

Lemma 4.11. Condition (1.15) holds with g = 1/a.

Proof. For any x € (0,m), any small r € (0, 1) and any integer £ > 1, choose z and y, in
[0, m] such that

d.(x,z7) =r ={d.(x,y) (4.58)
‘We need to show that
fim 2= _ o, (4.59)
{—o0 |X — Zl

where the limit is independent of x and . We may assume that x < y, < z; the other cases
are similar. Choose a shortest word w such that K, C [x, y,].

Consider a chain of k + 1 consecutive words starting from w and with length |w|, where
k will be determined later. By Lemma 4.8 and Proposition 4.2, d.(K,) =< d.(K;) if T is
neighbor of w. Hence there exists a constant ¢y > 1 such that the total distance of the
corresponding cells is no more than

d.(K,)(1+co+ - +cp). (4.60)
Let k be the largest integer such that
l+co+ - +cf <8, (4.61)
and thus
k < log?. (4.62)

Using (4.58), (4.60), and the inclusion K, C [x, y/], we see that there exists a chain of k+ 1

consecutive cells starting from K, that are contained in [x, z]. Let N := [log,, k] -1, where
. . . . . |l

[-] denotes the greatest integer function. Since the Euclidean length of K, is m( 1 ) and

m
N+1 we see that

1 e 1 lw|-N 1 lw|-N
Ix—ZIZk-m(—) Zmz(—) >2m(—) )
m m m

This implies that there exists a word 7 such that
Tl =lw|l-N  and  K;C[x,z].

Let w’ < w such that |w’| = |7|. Hence

since k > m

lx—zl>m-re=m-r, = mNHrw. (4.63)
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Note that by (4.50),
=y = ro. (4.64)
Combining (4.64), (4.62), and (4.63), we have
X — el cr, mc’ c
x—z =~ mN*lr,  mMNl o pllog, < I < @ —0 as{— oo.

This proves (4.59). Finally, letting = % and using (2.22),

Sup nl/av(xa r) — S (r]r)ﬂ //’t (Bd*(x’ nr))
xeK,0<r<1 V(x,nr) xeK,0<r<1 rﬁ/,u (Bd* (x, 7’))
- sup lx — yel ,
xeK,0<r<1 lx — z|
which tends to 0 as n — 0" by (4.59). |

Proof of Theorem 1.3. From above, conditions (1.10)—(1.15) are all satisfied with g =
1/a. Theorem 1.3 now follows from Theorem 1.1. O
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